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Toric Stacks II: Intrinsic Characterization of Toric Stacks 

Anton Geraschenko and Matthew Satriano 
Abstract 



The purpose of this paper and its prequel |GSlla] is to introduce and develop a theory of 
toric stacks which encompasses and extends the notions of toric stacks defined in [Laf02, BCS05, 
IFMN09| Ilwa09| ISat09| |Tyoi~0| , as well as classical toric varieties. 

While the focus of the prequel }GSlla] is on how to work with toric stacks, the focus of this 
paper is how to show a stack is toric. For toric varieties, a classical result says that any normal 
variety with an action of a dense open torus arises from a fan. In FMN09, Theorem 7.24] and 
r*n | |lwa09[ Theorem 1.3], it is shown that a smooth separated DM stack with an action of a dense 

open torus arises from a stacky fan. In the same spirit, the main result of this paper is that 
any Artin stack with an action of a dense open torus arises from a stacky fan under reasonable 



— ■ hypotheses. 
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1 Introduction 

This paper, together with its prequel {GS lla] , introduces a theory of toric stacks which encompasses 
and extends the many preexisting theories in the literature |Laf02} IBCS051 IFMN091 Hwa09l [Hat09 , 
TyolO| . We recall from [GSllat Def 1.1] that a toric stack is defined to be the stack quotient P^/G] 



of a normal toric variety X by a subgroup G of the torus of X. As with toric varieties, one can 
hope to understand toric stacks through a combinatorial theory of stacky fans. This is precisely the 
focus of Toric Stacks I: in [GSlla] . we introduce a notion of stacky fan, show that every toric stack 
comes from a stacky fan, and develop a rich dictionary between stacky fans and their associated 
toric stacks, thereby allowing one to easily read off properties of a toric stack from its stacky fan. 

The purpose of this paper is to complement the theory developed in [GSlla] . While the prequel 
gives the reader the necessary tools to study a toric stack via the combinatorics of stacky fans, it 
does not give any indication of how to show a stack is toric in the first place. In the study of toric 
varieties, the answer to this problem is provided by the following classical result (see for example 
[CLS11, Corollary 3.1.8]): if X is a normal variety with a dense torus T such that the action of 
T on itself extends to X, then X comes from a fan. In other words, this result gives an intrinsic 
description of the varieties which are toric. The purpose of this paper is prove an analogous result 
for toric stacks. 

Colloquially, the main result of this paper states that with suitable hypotheses, if X is an Artin 
stack with a dense open torus T whose action on itself extends to an action of X, then X is a toric 
stack. More precisely, it states: 

Theorem 16.11 Let X be an Artin stack over an algebraically closed field k of characteristic 0. 
Suppose X has an action of a torus T and a dense open substack which is T-equivariantly isomorphic 
to T. Then X is a toric stack if and only if the following conditions hold: 

1. X is normal, reduced, and of finite type, 

2. X has affine diagonal, 

3. geometric points of X have linearly reductive stabilizers, and 

4- every point of [X/T] is in the image of an etale representable map from a stack of the form 
[U/G], where U is quasi-affine and G is an affine group. 

It is worth noting that unlike the classical result about toric varieties, we cannot require our 
stacks to be separated. Indeed, algebraic stacks which are not Deligne-Mumford are hardly ever 
separated. The condition that the stack have affine diagonal essentially replaces the separatedness 
condition (see Remark 15 .6p . In particular, there are toric stacks which are schemes, but which are 
not toric varieties because they are not separated (see Example I5.7J) ; these should be thought of as 
"toric schemes". 

Our main theorem above should be viewed as a generalization of [Iwa09] Theorem 1.3] and 
[FMN09, Theorem 7.24], which establishes the analogous result for toric stacks which are smooth, 
separated, and Deligne-Mumford. Strictly speaking, our result is not a generalization of these 
results due to the presence of condition |U It is possible, however, that this condition is superfluous 
given the other hypotheses. If this is true, then as a special case, we recover a new proof of these 
results, at least in the case when X has trivial generic stabilizer. 



Notably, the results in |lwa09j and [FMN09] impose the hypothesis that the stack has a coarse 
space which is a scheme. In contrast, the characterization given by Theorem 16 . 1 1 does not assume 
that X has a coarse (or good) moduli space at all. As a corollary, we see that any toric algebraic 
space satisfying the conditions of the theorem is in fact a scheme. See Remark 16.41 and Example 
631 

The techniques in this paper work over any separably closed field, but we work over an alge- 
braically closed field k of characteristic zero to avoid confusing hypotheses (e.g. that every group 
we consider is smooth). 



Logical Dependence of Sections 

The logical dependence of sections is roughly as follows. 

Toric Stacks I [GSllaj Toric Stacks II [GSllbj 

El 
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2 Local Construction of Toric Stacks 

The main goal of this section is to prove Theorem 12.131 



2.1 Colimits of Toric Monoids 

Definition 2.1. A toric monoid is any monoid of the form a (~) L, where a is a pointed cone in a 
lattice L. 

Remark 2.2. Toric monoids are precisely the finitely generated, commutative, torsion-free monoids 
M so that M —)• M SP is injective and saturated. 



Remark 2.3. Colimits exist in the category of toric monoids, and have a nice description. A diagram 
of toric monoids D induces a diagram of free abelian groups D gp . Let L be the colimit of D gp in 
the category of free abelian groups. Then the colimit of D is the image in L of the direct sum of 
all the objects of D. In particular, colim(D) gp = colim(D gp ). 

Definition 2.4. A face of a monoid M is a submonoid F so that a + 6 € F implies a,b € F. 

Remark 2.5. For a toric monoid a n L, the faces are precisely submonoids of the form r n L, where 
r is a face of a. So the faces of a n L are obtained as the vanishing loci of linear functionals on L 
which are non- negative on a. 

Remark 2.6. If F is a face of a toric monoid M, then .F gp — > M gp is a saturated inclusion, so it is 
the inclusion of a direct summand. In particular, any linear functional on F gp can be extended to 
a linear functional on M gp . Since F is a face of M, there is a linear functional % on M gp which 
is non-negative on M and vanishes precisely on F. Given any linear functional on i ?gp which is 
non- negative on F, we extend it arbitrarily to a linear functional on Af gp . By then adding a large 
multiple of \i we can guarantee that the extension is positive away from F. 

Definition 2.7. Let D be a diagram in the category of toric monoids (i.e. D is a collection of toric 
monoids Di and a collection of morphisms between the monoids). We say D is tight if 

1. every morphism is an inclusion of a proper face, 

2. if Di appears in D, then all the faces of Di appear in D, 

3. the diagram commutes, and 

4. any two objects Di and Dj in D have a unique maximal common face in D. 

Remark 2.8. The motivation for Definition 12.71 is that for any fan S on a lattice L, the diagram 
of toric monoids {a T\ L\a £ £} is tight. The point of this subsection is to show that any tight 
diagram of toric monoids is realized by a fan. Indeed, Corollary 12.121 shows that any tight diagram 
of toric monoids can be realized by a subfan of the fan generated by a single cone. 

Definition 2.9. The subdiagram D° of a tight diagram D generated by a set of objects is join- 
closed if it is tight and for every pair of objects Di and Dj of D , if they are both faces of an object 
Dk of D, then the smallest face of D^ containing Di and Dj is in D°. 

Lemma 2.10. Let D° be a join-closed subdiagram of a tight diagram D. Suppose \ is a linear 
functional on cohm(Z) ) gp . Then x can be extended to a linear functional on cohm(D) gp . Moreover, 
if x induces non-negative functions on all objects of D°, then the extension can be chosen to be 
non-negative on all objects of D, and if D ^ D°, it can be chosen to be positive away from D°. 

Remark 2.11. By the universal property of a colimit, a linear functional on a colimit of groups is 
equivalent to a compatible collection of linear functionals on the groups in the diagram. 

Proof. We induct on the size of D n D°. Let D^ be a maximal object of D which is not in D°. Let 
D 1 be the subdiagram of D consisting of D° and all the faces of D^. Since D\, is maximal, D 1 is 
join-closed. It suffices to extend the linear functional to colim(D 1 ) gp . 

Since D° is join-closed, there is a maximum object D m of D° which is a face of Df,. We may 
extend x\o m to a linear functional on D\, as in Remark 12.61 If x\o m is non- negative, we may choose 
the extension to be positive away from D m . □ 



Corollary 2.12. Let D be a tight diagram of toric monoids with colimit M. Then for every object 
Di of D, D{ -^ M is an inclusion of a face. 

Proof. To show that Di — > M is an inclusion, it suffices to show that Df p — > M gp is an inclusion, 
for which it suffices to show that the dual map is surjective. The subdiagram consisting of all the 
faces of Di is join-closed, so every linear functional on Df p can be extended to a linear functional 
on M gp by Lemma 12.101 so the dual map is surjective. 

To show that Di is a face, it suffices to find a linear functional on M gp which is non-negative 
on M and vanishes exactly on Di. Such a linear functional exists by Lemma 12.101 □ 

2.2 Constructing Toric Stacks Locally 

We saw in (GSllal §5] that every toric stack is a good moduli space of a canonical smooth toric 
stack. In this subsection, we show that we can construct a toric stack by starting with a smooth 
toric stack and specifying compatible good moduli space maps from an open cover. In other words, 
given a canonical stack morphism from a smooth toric stack, the property of being a toric stack 
can be checked locally. This result will be very important in the proof of Theorem 16.11 

Theorem 2.13. Let X be a stack with an action of a torus T and a dense open T-orbit which is 
T-equivariantly isomorphic to T. Let y — >• X be a morphism from a toric stack. Suppose X has 
a cover by T -invariant open substacks Xi which are toric stacks with torus T, and that the maps 
y Xx Xi — )• Xi are canonical stacks. Then X is a toric stack. 

Proof. Let N = Hom g p(G m ,T). Refining the cover, we may assume each Xi is of the form 
^(ji,Pi-. Li^-N with (Ji a single cone. Moreover, we may assume that if X ai ^ i is in the open cover, 
then the open substacks corresponding to the faces of <Tj are as well. Then X is the gluing of this 
diagram of open immersions of toric stacks. 

The diagram of open immersions of the X ai ^ i induces a diagram D of toric monoids a% n Li 
(these monoids are well defined by [GSllal Lemma B.12]). We wish to show that D is tight. By 
construction, the first three conditions of Definition 12.71 are satisfied. We need only to show that 
any two objects in D have a unique maximal common face in D. For this, it suffices to show that 
the intersection of any two of the X ffi ^ t is cohomologically affine (and therefore corresponds to an 
element of the diagram) . For each X ai )/ g i , y x x X ai A is a cohomologically affine toric open substack 
of y . Since y is a toric stack, the intersection of two such substacks is cohomologically affine. By 
[GSllaj Remark 5.6], the intersection (y xx X a .^.) H (y Xx X<r-,fi) is the canonical stack over 
X<Ti,Pi H %o-j,fij- m particular, X (7u p i n X ff .p. has a toric surjection from a cohomologically affine 
toric stack, so it is cohomologically affine by [GSlla, Lemma B.3]. 

The colimit of toric monoids <Tj D Li is of the form a Pi L, where L is the colimit of the Lj. 
By Corollary 12.121 the Oi are faces of a. By [GSllal Proposition B.17], the induced morphisms 
^ffi,Bi — * X<r,B are the open immersions corresponding to the inclusions of the faces o", — > a. The 
diagram of open immersions of the X a . g 4 can therefore be realized as the diagram of inclusions of 
open substacks of X ff ». Therefore, X is the union of these open substacks of X a g. In particular, it 
is toric. □ 

Remark 2.14. Note that the proof in fact shows that X is an open substack of a cohomologically 
affine toric stack X a a. 



Remark 2.15. Let X-£',p': L'-wv he an arbitrary toric stack, and let ,1- % be its canonical stack. 
Applying Remark 12.141 we see that X^> b' is an open substack of a cohomologically affine toric 
stack. In fact, if £' spans V (i.e. Xy,' has no torus factors), Xy,',8' is an open substack of a 
canonical cohomologically affine toric stack. 

3 Preliminary Technical Results 

In this section, we gather technical results that will be used in the proofs of Theorems 14.21 [5T2l and 

ED 



3.1 Some Facts About Stacks 

Lemma 3.1. Let Z be an irreducible Weil divisor (i.e. a reduced irreducible closed substack) of 
a stack X. Suppose U — > X is a smooth cover. Then Z is a Cartier divisor of X if and only if 
Z Xx U is a Cartier divisor of U. In particular, on any smooth stack, every Weil divisor is Cartier. 

Proof. If X is the ideal sheaf of the Weil divisor Z, then Z is Cartier if and only if T is a line 
bundle. One may verify that a quasi-coherent sheaf is locally free of a given rank locally in the 
smooth topology [Mil, Theorem 11.4]. Since smooth morphisms are flat, the pullback to U of ideal 
sheaf I is the ideal sheaf of the fiber product Z x% U. □ 

Proposition 3.2. Suppose f : X — >• y is a representable Stale morphism of algebraic stacks. Then 
f induces finite-index inclusions on stabilizers of geometric points. 

Proof. Since / is representable, it is faithful [LMBOO, Proposition 2.4.1.3 with Corollary 8.1.2], so 
the induced maps on stabilizers are inclusions. Suppose x: Specif — > X is a geometric point, and 
let G be the stabilizer of f(x). The residual gerbe of y at f{x) must be trivial since K is separably 
closed, so we have a stabilizer-preserving morphism |Alp09[ Def 2.1] BG — \ y through which fix) 
factors. Since stabilizer-preserving morphisms are stable under base change, it suffices to show that 
the morphism BG Xy X — > BG induces finite-index inclusions on stabilizers. Base changing along 
Specif — > BG, we get an etale cover U of Specif, which must be a finite disjoint union of copies 
of Specif. 

U > BG x y X > X 

et, rep / 

Specif >BG >y 

We have that U is a G-torsor over BG xy X. If H C G is the stabilizer of a point of U, then the 
orbit is isomorphic to G/H. Since U is finite, any such G/H must be finite, so H must have finite 
index inside of G. The stabilizers at points of BG xy X are precisely such H. □ 

Lemma 3.3. Suppose X is an algebraic stack with affine diagonal. Suppose G is an affine algebraic 
group with an action on X. Then [X /G] has affine diagonal. 



Proof. The following diagram is cartesian: 



G x X — X x \x IG\ % ■ 



+ X x X 



■[X/G] 



■+ [Af/G] x [*/G] 



[*/G] 

Since X x X ^- [X/G] x [<Y/G] is a smooth cover, it suffices to verify that the action morphism 
5: GxX^XxXis affine. 

Composing with the projections gives the projection and action maps P2,ct: G x X — > X. The 
projection p 2 is affine because G is affine, and a is isomorphic to P2, so it is also affine. We have 
that 5 is then the composition G x X — > (G x X) x (G x X) P2 > X x X. Since a x p 2 is a 
product of affine maps, it is affine. Since G is affine, it has affine diagonal. By assumption, X also 
has affine diagonal, so G x X has affine diagonal. So 5 is a composition of affine morphisms. □ 



Lemma 3.4. If X has affine diagonal and y 
Definition 5.9]), then y has affine diagonal. 



X is a canonical stack morphism (see [GSllaj 



Proof. Consider the following diagram, in which the square is cartesian. 

Ay 



>y*y 




>X x X 



Since Ay is a composition of Ay/% and a pullback of Ax (which is assumed to be affine), it suffices 
to show that Ayix is affine. 

Affineness can be verified locally on the base in the smooth topology, so we may assume y = 
LXg/G$] and X = X-% (see [GSllal Remark 5.1]). In this case, y has affine diagonal by Lemma 
13.31 so in the above diagram, y and y x% y are both affine over y x y, so Ay/ X is affine. □ 

Lemma 3.5. Let X be an algebraic stack over a field k, with reductive stabilizers at geometric 
points, and let G be a diagonalizable group over k which acts on X. Then [X/G] has reductive 
stabilizers at geometric points. 

Proof. Let /: Specif — > [X/G] be a geometric point (i.e. K be a separably closed extension of 
the field k). Then / is the image of some geometric point /: Specif — > X. We have the following 
diagram, in which the square is cartesian: 



Specif- 



/ 



+ X- 



-> Spec k 




[X/G] 



BG 



An automorphism of / in [X/G] induces an automorphism of 7T o /, which is a -RT-point of G. 
By cartesianness of the square, this image in G is the identity if and only if (j) is induced by an 
automorphism of /, so we get an exact sequence 

1 ^ Aut x {f) ^ kut [x/G] {f) ^ G 

(exactness on the left follows from the fact that X — >• [X/G] is representable) . So the stabilizer of 
the point of [^f/G] is an extension of a subgroup of G by the stabilizer of a pre-image in X . Since G 
is diagonalizable, any subgroup of it is diagonalizable, and so reductive. An extension of reductive 
groups is reductive. □ 

Lemma 3.6. Let X be a normal noetherian algebraic stack, and let U C X be an open subscheme 
whose complement is of codimension at least 2. Then the inclusion IA ■— )• X is Stein. 

Proof. By cohomology and base change |Har77l Proposition 9.3], the property of being Stein is local 
on the base in the smooth topology, so we may assume X = SpecR, with R a normal noetherian 
domain. Then IA is a scheme, and we must show that any regular function on IA arises as an element 
of R. Any regular function on IA is a rational function on R, so it is of the form f/g, with f,g&R. 
Since the complement of IA is of codimension at least 2, we see that f/g € Rp for any codimension 
1 prime p. A noetherian normal domain is the intersection in its fraction field of its localizations 
at codimension 1 primes [Eis95j Corollary 11.4], so f/g € R. □ 

Corollary 3.7. Let /: X —?■ y be a morphism of normal noetherian algebraic stacks. Suppose 
there is an open substack IA C X so that f\u is an isomorphism, and so that IA C X and filA) C y 
have complements of codimension at least 2. Then / is Stein. 

Proof. Let i: IA — > X be the inclusion. By Lemma [3.61 we have that i and f oi are Stein. It follows 
that f*Ox = f*i*Ou = Oy, so / is Stein. □ 

Proposition 3.8. Let D\, . . . ,D n be effective Cartier divisors on a locally finite type scheme X 
over a field k. Let x G X be a point at which X is smooth, at which each Di is smooth, and at 
which these divisors have simple normal crossings. Then the induced morphism (j): X — > [A n /G^J 
is smooth at x. 

Remark 3.9. Smoothness of X and the divisors at x can be checked on a smooth cover of X, as 
can the property of having simple normal crossings. Therefore, this smoothness criterion applies 
to stacks as well. 

However, note that smoothness of the map (ft: X — » [A n /G^J does not entail representability 
of the map. It simply means that for any smooth cover by a scheme U — > X, the composite map 
U -> [A n /G^] is smooth. 

Proof. If some Di does not pass through x, then there is an open neighborhood of x such that (ft fac- 
tors through [(A n_1 x G m )/G^J = [A n_1 /G^ 1 ]. Smoothness can be checked on this neighborhood. 
We may therefore assume that all the divisors pass through x. 

We may verify formal smoothness at x after restricting to the completed local ring Ox,x- Since 
X is locally of finite type, formal smoothness implies smoothness. By the Cohen structure theorem 
[Eis95, Theorem 7.7], Ox,x = MI^i, • • • i x A], and since the divisors are smooth with simple normal 



crossing, we may choose coordinates so that the divisor Di is the vanishing locus of the coordinate 
Xj. Then is a composition of three formally smooth morphisms: the "inclusion" of the complete 
local ring Spec Ox x ~> &- r \ the coordinate projection A r — > A™, and the quotient morphism A n — )■ 
[A»/G»]. ' ' D 

3.2 Luna's Slice Argument 

Here we prove a weak form of Luna's slice theorem. Our hypotheses are weaker than those in Luna's 
slice theorem (e.g. we do not assume an action of a reductive group, only that the stabilizers are 
reductive), as is the conclusion (we do not get strong etaleness). Since the hypotheses differ from 
the standard result significantly, we reproduce the proof here. 

Definition 3.10. Let Z be a scheme with an action of a group scheme H, and let H C G be a 
subgroup. Then Z x G denotes [GxZ/H], where the action of H is given by h-(g, z) = (gh^ 1 , h-z). 

Lemma 3.11. Let Z be a scheme over a field k of characteristic 0. Let G be a group scheme 
over k, and let H C G be a subgroup. The tangent space to G X Z at the image of (g,z) is 
(T g G <3)T z Z)/T e H, where the inclusion T e H — > T g G®T z Z is induced by the inclusion H — > G x Z, 
h h- > (gh -1 , h-z). 

Moreover, G x Z is smooth at the image of a /c-point (g, z) if and only if Z is smooth at z. 

Proof. We have a smooth map G x Z ^ G x H Z whose fiber over the image of (g, z) is {(gh _1 , h ■ 
z)\h € H }. For any smooth map, the tangent space of an image point is the quotient of the tangent 
space of the point by the tangent space of the fiber at that point. This proves the first statement. 

We have that G x Z is an H-toisov over G x H Z and a G-torsor over Z. Smoothness can 
be checked locally in the smooth topology. Since G and H are smooth as we are over a field of 
characteristic zero, we see that Z is smooth at z if and only if G x Z is smooth at (g, z) if and only 
if G x Z is smooth at the image of (g, z). □ 

Lemma 3.12. Let /: Y — )■ X be a quasi-compact morphism of schemes and x € X a point so that 
/ is etale at every point in the pre-image of x. Then there is an open neighborhood U C X of x so 
that the restriction f~ l (U) — >• C/ is etale. 

Proof. For every point y € f^ 1 (x), let V y C Y be an open neighborhood of y so that f\y is etale. 
Since etale morphisms are open, f(V y ) C X is open. We have that the fiber f~ l (x) is quasi-compact 
and etale over the point x, so it is finite. Let U = C\ ve f-i( x ) f(Vy)- Then U is an open neighborhood 
of x such that /~ 1 (t r ) C {J y€ f-i( x \ V y , so the induced morphism / -1 (C7) — >■ C/ is etale. □ 

Proposition 3.13 (Luna slice argument). Let G be an affine algebraic group acting on a quasi- 
affine scheme X over an algebraically closed field k of characteristic 0. Suppose x € X is a 
k-point whose stabilizer H C G is linearly reductive. Then there exists a connected locally closed 
H -invariant subscheme ZCI such that x € Z and such that the induced morphism Z x H G — > X 
is etale. 

This roughly says that at a point with linearly reductive stabilizer H, a quotient stack [X/G] 
is etale locally a quotient by H. Explicitly, we have the etale representable morphism [Z/H] = 
[{Zx H G)/G)-*[X/G). 

9 



Proof. We first consider the case where X is smooth. Let A = Ox{X). By StPrj , Lemma 01P9J, the 
natural map X — > Spec A is an open immersion, so we identify X with an open subscheme of Spec A. 
Let m be the maximal ideal in A corresponding to x G X. The surjection m — > m/m 2 = (T X X)* 
is i/-equivariant. Since H is linearly reductive, there is an i^-equivariant splitting, which induces 
an .ff-equivariant ring homomorphism Sym*(m/m 2 ) — > A sending the positive degree ideal into 
m. This corresponds to an ff-equivariant map Spec^4 — > T X X sending a; to and inducing an 
isomorphism on tangent spaces at x. Since X and T X X are smooth, the map is etale at x [BLR90, 
§2.2, Corollary 10]. 

The tangent space T X X has a natural action of H. The tangent space to the G-orbit through x 
is an i^-invariant subspace of T X X. Since H is linearly reductive, this subspace has an ^/-invariant 
complement V. 

H-eq 




We define Z' as V Xt x x X. This is a closed if-invariant subscheme of X which contains x. The 
map Z' — > V is .ff-equivariant and and is etale over V at x. In particular, Z' is smooth at x. The 
action of G induces a morphism G X Z' — >■ X. By Lemma l3.11[ G x Z' is smooth at the image 
of (e, x), X is smooth at x, and the map induces an isomorphism of tangent spaces since T X Z' = V 
is complementary to T X (G ■ x). By [BLR9CH §2.2, Corollary 10], the map G x H Z' -> X is etale 
at the image of (e,x). Since the morphism is G-equivariant and every point in the fiber over x is 
in a single G-orbit, it is etale at every point in the fiber, and therefore etale over a neighborhood 
of x € X by Lemma 13.121 Since this map is G-equivariant, the locus in X where it is etale is a 
G-invariant open neighborhood U of x. Setting Z = Z' n U, we get that Z x H G — > X is etale. 
This completes the proof in the case when X is smooth. 

Now consider the case where X is not smooth. We may choose a G-equivariant immersion of X 
into a smooth scheme Xq. Indeed, Xq can be chosen to be a finite-dimensional representation of G 
[PV94, Theorem 1.5]. As shown above, there are representations V C W of H, a G-invariant open 
neighborhood Uq oix, and a closed subscheme Zq C Uq such that Zq = V x^Uq and Zq x h G — > Uq 
is etale. Setting U = Uq Xj X and Z = Zq n X, we have the following cartesian diagram. 



Z x 




Since Z x H G -> U is etale, so is Z x H G -> *7. 

Finally, since x is fixed by i?, the connected component of Z which contains x is i?-invariant. 
We may replace Z by this connected component. □ 
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3.3 A Characterization of Pointed Toric Varieties 

The proof of the following proposition is due to Vera Serganova (see |Ger|). 

Proposition 3.14. Let V be a representation of a linearly reductive group G over a field k of 
characteristic 0, and let Z = G ■ v C V be the closure of an unstable G-orbit (i.e. G Z). If Z 
is not contained in a direct sum of 1- dimensional representations of G, then it contains a positive 
highest weight vector (with respect to some Borel subgroup of G). 

Proof. We may assume v is not contained in a direct sum of 1-dimensional representations. By the 
Hilbert-Mumford criterion |GITl Proposition 2.4], there is a 1-parameter subgroup 7: G m ->Gso 
that j(t) • v contains in its closure. We have the weight space decomposition V = © ie z ^> where 
Vi = {x G V\j(t)x = t l x}. Let v = ^2 i>p Vi, where Vi G Vi and v p 7^ 0. We may assume p > 
(replacing 7 by its inverse if necessary). 

Let T be a maximal torus containing the image of 7, and let B C H be a Borel subgroup 
containing T so that 7 pairs non-negatively with all positive roots. Since only a finite number of 
weights appear in V, we may modify 7 so that it pairs positively with all positive roots. If v is a 
highest weight vector with respect to B, then we are done. Otherwise, there is some positive root a 
so that e a -v ^ 0, with e a G g a , where Q a is the root space corresponding to a in the Lie algebra of 
G. Let exp(£e Q ) • v = Yli> P /iC0> where fi(t) G Vi <g> k[t\. Let rrn = deg/j. Since a pairs positively 
with 7 (and e a ■ Vi C V i+ ^^), we have e a ■ v G ©j >p Vi, so m p = 0. Moreover, since e a ■ v ^ 0, 
some mi is positive. 

Let I 6 Q be the rational number so that mi < |i for all i and 
mj = rj for some j. Consider the function g: A 1 — > V given by g(t) = 
^2 t ai fi{t~ b )- Note that this is well-defined since deg fi = nii < f i for all i, 
so deg(t ai fi{t~ b )) = a-i—b-rrii > 0. Note also that g(0) / since rrij = |j 
for some j. For i ^ 0, we have that g(t) = 7(t a ) • exp(t~ b e Q ) -v £ Z. Since 
Z is closed, we have that g(0) G Z. Note that the minimal weight (with 
respect to 7) appearing in g(0) is greater than p, and that g(0) does not lie in a direct sum of 
1-dimensional representations since it is in the image of e a . Since V is finite-dimensional, repeating 
this procedure a finite number of times produces a positive highest weight vector in Z . □ 

Proposition 3.15. Suppose Z is an irreducible affine scheme over an algebraically closed field k 
of characteristic 0, with an action of a linearly reductive group H . Suppose that x G Z is an H- 
invariant k -point, that Z contains a dense open stabilizer-free orbit, and that the stabilizer of each 
k-point of Z is linearly reductive. Then H is a torus. In particular, if Z is reduced and normal, it 
is a toric variety. 

Proof. Since H is dense in Z, it is irreducible. Let Z = Specj4, and let m C A be the maximal ideal 
corresponding to x. We may choose a finite-dimensional ^-invariant subspace V* C m such that 
V* generates A as a /c-algebra. Then Spec^4 — )> Spec(Sym*(V*)) = V is a closed if-equivariant 
immersion of Z into a finite-dimensional representation of H, sending x to the origin. Since Z 
contains a dense open stabilizer-free -ff-orbit, the subrepresentation spanned by Z is faithful. If 
Z is contained in a direct sum of 1-dimensional representations, then H is diagonalizable, so it is 
a torus. Otherwise, Z contains a positive highest weight vector v by Proposition 13.141 Then v is 
stabilized by the unipotent radical of some Borel subgroup of H. Since v has reductive stabilizer, 
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it must be stabilized by the opposite unipotent group, so by the derived group of H, contradicting 
the assumption that it is a positive weight vector. □ 

4 The Local Structure Theorem 

The main result of this section is Theorem 14.21 Together with Lemma 14.11 this theorem serves as 
our main tool for showing that a stack is toric. 

Lemma 4.1. Let X be an algebraic stack over a field k with an action of a torus T and a dense 
open substack which is T-equivariantly isomorphic to T. Then X is a toric stack if and only if 
[X jT\ is a toric stack. 

Proof. If X = [X/G] is a toric stack, where X is a toric variety and G C Tx is a subgroup of the 
torus, then T = Tx/G. We see that [X/T] = [X/Tx] is a toric stack. 

Now suppose [X/T] = [X/G] is a toric stack, where X is a toric variety and G C Tx is a 
subgroup of the torus. Since [X/T] has a dense open point, we have G = Tx is the torus of X. 
Consider the following cartesian diagram. 



TixT 




T-torsor 



[X/T] 



The stack X x \x/T] X has an action of the torus Tx x T, and a dense open substack isomorphic 
to Tx x T. Since X 'Xix/T] X is a T-torsor over X, it is a normal separated scheme, so it is a toric 
variety with torus Tx x T. It is also a Tx-torsor over X, so X = [(X *[x/t] X)/Tx] is a toric 
stack. □ 

Theorem 4.2. Suppose X is a reduced finite type Artin stack over an algebraically closed field k of 
characteristic 0, with a dense open (non-stacky) k-point. Let £: Spec A; — > X be a point. Suppose 

1. X is normal, 

2. X has affine diagonal, 

3. X has linearly reductive stabilizers at geometric points, and 

4- £ is in the image of an etale representable map [U/G] — > X, where U is quasi-affine and G is 
an affine group scheme (see Remark\4-3\ below), 
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Then there is an affine toric variety X with torus T and an open immersion [X/T] e —t X sending 
the distinguished closed point of [X/T] to ££| 

Remark 4.3. A quasi-compact stack in which every point is in the image of an etale representable 
map from a quotient of a quasi-affine scheme by an affine group is said to be of global type |RydlOi|x| 
It is possible that every quasi-compact quasi-separated stack with locally separated diagonal and 
affine stabilizers is of global type. In particular, it is possible that condition U] of Theorem 14.21 is 
unnecessary given the other hypotheses. 

Since X is assumed to be normal, finite type, and to have affine diagonal, any stack etale over 
it is normal, Noetherian, and has affine stabilizers at closed points. Totaro has shown [Tot04[ 
Theorem 1.1] that such a stack is a quotient of a quasi-affine scheme by an affine group if and only 
if it has the resolution property. Thus, to verify that X is of global type, it suffices to find a cover 
by etale representable morphism from stacks with the resolution property. 

Finally, any stack of the form [X/G] where X is a normal Noetherian scheme and G is a 



connected affine group is of global type |RydlO, Remark 2.3]. In practice, this is probably the most 
useful way to verify this condition. 

Proof. Let x € U be a Appoint mapping to £, and let H C G be the stabilizer of x. Since 
the morphism [U/G] — > X is etale representable, Proposition 13.21 implies that the stabilizers of 
geometric points of [U/G] are finite index subgroups of the stabilizers of geometric points of X. 
That is, given a point y: Spec A; — > [U/G], Stabx(y)/ Stabm/G](,y) is finite, and therefore affine. 
Since the stabilizers of geometric points of X are linearly reductive, Matsushima's criterion (see 
Alp08, Proposition 11.14(i)]) implies that the stabilizers of geometric points of [U/G] are linearly 



reductive. 

Applying Proposition 13.13] there is a connected locally closed iJ-invariant subscheme ZC [/so 
that x G Z and Z x H G — >• U is etale. We have that Z is smooth over X. Since X is normal, and 
normality is local in the smooth topology, Z is normal. Since Z is also connected, it is irreducible. 

The map [Z/H] — » [U/G] — >■ X is etale and representable. Base changing [Z/H] — > X to the 
dense open Appoint of X, we get an irreducible etale cover of Spec A:, which must be trivial since k 
is algebraically closed. In particular, [Z/H] has a dense open Appoint, so Z contains a dense open 
stabilizer- free //-orbit. 

Next we show that Z must be affine. Since Z is quasi-affine, it is a dense open subscheme of 
Spec Oz(Z) |StPrj Lemma 01P9]. The action of H on Z induces an action of H on Spec Oz(Z). By 



x Note that [X/T] has a distinguished closed point, even if X does not. An affine toric variety X can only fail to 
have a distinguished closed point if it is of the form X' x To, where X' has a distinguished closed point and To is a 
torus. In this case, [X/T] £ [X'/(T/T )]. 

2 We have required that U be quasi-affine and G be affine. By [Tot041 Theorem 1.1], this is equivalent to requiring 
U to be affine and G to be affine, or to requiring that U be quasi-affine and G be GL n for some n. 

3 In fact, condition0]says that X is Zariski locally of global type. However, since X is quasi-compact, this is actually 
equivalent to being of global type. Suppose {[Ui/GL ni ] — s- X} is a finite collection of etale representable morphisms 
which cover X. It suffices to show that we may assume all the m are equal. For this, it is enough to show that the 
stack quotient of a quasi-affine scheme by an action of GL n can be expressed as a quotient of a quasi-affine scheme by 
an action of GL n +\. Suppose U is quasi-affine, with affine envelope W — Spec0fy(£/). We then get an action of GL n 
on IK, so we may choose a GT n -equivariant closed immersion of W into a representation V of GL n . Now we have a 
GLn-equivariant immersion U — > V, which induces a GT n +i-equivariant immersion U x " GT n +i — > V x ™ GL n +i • 
Since V X n GL n +i = V x GL n +i/GL n is a quotient of an affine scheme by a free action of a linearly reductive 
group, it is affine, so U x GLn GL„+\ is quasi-affine, and [U/GL„] — [U x GL " GL n +i/GL n +i]- 

13 



[GPT1 Theorem 1.1], Spec(O z (Z))/H = Spec(O z (Z) H ) is a good quotient. Since O z (Z) contains 
a dense open copy of H , any iJ-invariant regular function must be constant, so the good quotient 
is Spec k. It follows that the closures of any two i7-orbits intersect. But, x £ Z is a closed i7-orbit, 
and Z C SpecO z (Z) is an if -invariant open neighborhood of x, so Z = SpecOz(Z). 

By the same argument we used in the first paragraph of this proof, the stabilizers of [Z/H] are 
linearly reductive. Since Z is smooth over X , it is normal and reduced. By Proposition 13.15] H is 
a torus and Z is a toric variety. 

Finally, we have an etale representable map [Z/H] — > X, whose image is an open substack. 
Replacing X by this open substack, we may assume the map is surjective. Now we have that 
Z — > X is a smooth cover. Consider the following cartesian diagram: 

Z x x Z >Z 

H-tovsor 

Y > [Z/H] 



Z >X 

Since Z is affine and X has affine diagonal, we have that Z Xx Z is affine. This affine space is the 
total space of an ff-torsor over an algebraic space Y . Since H is linearly reductive, Y is an affine 
scheme |GIT1 Theorem 1.1]. Since Y and Z are both affine, Y — > Z is separated. Separatedness is 
local on the base in the smooth topology, so [Z/H] — > X is separated. 

Now [Z/H] — >■ X is representable separated etale birational and surjective, so it is an isomor- 
phism by Zariski's Main Theorem [LMBOOJ Theorem 16.5]. □ 

5 Main Theorem: Smooth Case 

In this section, we show that every smooth "abstract toric stack" is actually a toric stack. That 
is, we show that with suitable hypotheses, a smooth Artin stack X with dense open torus T whose 
action on itself extends to X comes from a stacky fan. 

Lemma 5.1. Suppose /: X — > y is a smooth (but not necessarily representable) morphism of 
Artin stacks. Then / is codimension-preserving: if Z C y is a closed substack of codimension d, 
then Z Xy X C X is of codimension d. 

Proof. Let n: U — > X be a smooth cover by a scheme. Then g = f o it: U — > y is smooth 
and representable, so it is open and codimension-preserving. If Z C y is a closed substack of 
codimension d, then Z xy U C U is closed of codimension d. On the other hand, U — > X is 
codimension-preserving, and 2 xy (/ = (Z xy Af) x^ [/, so 2 xv A 1 C ^ is of codimension d. □ 

Theorem 5.2. Let X be a smooth Artin stack over an algebraically closed field k of characteristic 
0. Suppose X has an action of a torus T and a dense open substack which is T-equivariantly 
isomorphic to T. Then X is a toric stack if and only if the following conditions hold: 

1. X is reduced and of finite type, 
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2. X has affine diagonal, 

3. geometric points of X have linearly reductive stabilizers, and 

4- every point of [X/T] is in the image of an etale representable map from a stack of the form 
[U/G], where U is quasi-affine and G is an affine group. 

Remark 5.3. The final condition in the theorem is required to apply Theorem 14.21 It is possible 
that it is unnecessary given the other hypotheses (see Remark I4.3[) . 



Proof. It is clear that smooth toric stacks satisfy the conditions, so we focus on the converse. 

By Lemma I4.H it suffices to check that [X/T] is a toric stack. By Lemma 13.31 [X/T] has affine 
diagonal. By Lemma [331 [<-t/T] has linearly reductive stabilizers. Thus, we have reduced to the 
case where T is trivial and X has a dense open fc-point. 

Consider the set of divisors of X . By Lemma 13.11 these divisors are Cartier, so they are 
induced by line bundles £1, . . . , C n with non-zero global sections Sj € T(X, L/). These line bundles 
and sections induce a morphism X — > [A"/G^J. We will show that this morphism is an open 
immersion — and therefore that X is a toric stack — by induction on n. 

The case n = 

If X has no divisors, then we claim that X = Spec/c. By Theorem 14.21 every point of X has an 
open neighborhood of the form [X/Tx], where X is a toric variety and Tx is its torus. Every point 
of a toric variety lies either in the torus or on a torus-invariant divisor. Since X has no divisors, X 
can have no torus-invariant divisors. It follows that X must be a torus, and so X is covered by its 
dense open point. 

The case n = 1 

Suppose T> C X is the unique divisor. Our aim is to show that the morphism X — > [A 1 /G m ] is an 
isomorphism. 

Applying Theorem 14.21 to points of V, we see that T> has a dense (stacky) geometric point, and 
that any other point must lie on the intersection of two or more distinct divisors (because this is 
true for torus- invariant divisors on a smooth toric variety). Since T> is the unique divisor of X, 
it has only one geometric point p. Aside from this point, X has only one other point: the dense 
open point t. Applying Theorem 14.21 around p, we get an open neighborhood of the form [X/T], 
where X is a toric variety and T is its torus. But any open neighborhood p must be all of X, so 
X = [X/T] is a toric stack. Moreover, the toric variety X has precisely one torus-invariant divisor, 
so [X/T] = [AVG m ]. 

The general case n > 2 

Suppose T>i,...,D n are the divisors cut out by the sections Si € T(X,Ci). By induction on n, 
X \ T>i is a smooth toric stack, so the morphism X \ T>i — > [A n_1 /G^ 1 ] is an open immersion. On 
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the other hand, this morphism is part of the following cartesian diagram. 

X \ Vf ► X 



[G m /G r 



[A^-VG"" 1 ] 



,n-l 



in— llf 



-> [A n /G£ 



ml 



Therefore, we see that the morphism X — > [A n /G^J restricts to an open immersion U := X \ 
(X»i n • • • n V n ) ->• [(A n \ {0})/G™ ]. If X>i n • • • n P„ = 0, then we are done, so we may assume 
Z = T>\ fl • • • n £> n is non-empty. Then any subset of divisors intersect, but the divisors are 
distinct, so X — >■ [A n /G^] is set-theoretically surjective. In particular, U — > [(A n \ {0})/G^] is an 
isomorphism. By Theorem 14.21 -2 is of codimension n > 2. So by Lemma 13.61 X — > [A^/G^J is 
Stein. 

By Theorem 14.21 X is Zariski locally a quotient of a smooth toric variety. In particular, the 
divisors are smooth and have simple normal crossings, so by Proposition 13.81 X — > [A n /G^J is 
smooth (but may not be representable) . So X Xun/G ra ] X — \ [A n /G^] is smooth, and is an isomor- 
phism over the complement of the closed point of [A n /GJ^J. Since smooth maps are codimension 
preserving (Lemma 15. ip . the complement of U = U ^[t^/G^] M Q X X[ A n/ G n] X is of codimension 
n > 2. In particular, the diagonal Ax/[A n /G n ] is Stein by Lemma [3~6l 

Consider the following diagram, in which the square is cartesian. 




>X x X 



[A»/G™] 



Since Ax and Ar 



are afline, we see that A 



> [A»/G£] x [AVG» ; 



is amne. 



Now Ax /[A" /G n ] is Stein and afline, so it is an isomorphism. Thus, X — > [A n /G^J is a monomor- 
phism, so it is representable [LMBOO, Corollary 8.1.2], separated, and quasi-finite. Since [A n /G^J 
is normal, Zariski's Main Theorem |LMB00i Theorem 16.5] implies that X — > [A n /G^J is an open 
immersion. □ 



5.1 Counterexamples 

This subsection gives interesting examples of stacks which look like they might be toric stacks, but 
are not. For each example, we show why Theorem 15.21 does not apply. 

To begin, there are varieties X that contain a dense open torus T, in which T cannot possibly 
act on X. For example, blowing up a torus-non- invariant point on a divisor of a toric variety will 
produce such a variety. When working with algebraic spaces and stacks, the action can fail to 
extend for more subtle reasons. 

Example 5.4 (Torus action does not always extend). Let U be the afline line with a doubled origin 
over a field not of characteristic 2. Let Z/2 act on U by x i-> —x (and switching the two origins). 
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Then X = [[//(Z/2)] is a smooth algebraic space with a dense open torus [G m /(Z/2)] = G m . This 
space is a "bug-eyed cover" of A 1 [Kol92]. We claim that the torus cannot act on X. 

If it did, the etale cover A 1 — > X would be toric, inducing the degree 2 map of tori G m — > 
G m /(Z/2). This map induces an isomorphism of G m -representations between the tangent space 
to A 1 at and the tangent space to X at "the bug eye." It would follow that the 1-dimensional 
weight 1 representation of G m (i.e. the tangent space to A 1 at 0) factors through the degree 2 map 
G m — > G m /(Z/2), which it clearly does not. o 

Although we have shown that the previous example is not a toric stack, it is nonetheless inter- 
esting to observe that it can be extended in an interesting way. 

Example 5.5. Consider the stack X = [A 2 /(Z/2 ix G m )], with the action given by (0, t) ■ (x,y) = 
(tx, t~ 1 y) and (1, l)-(x, y) = (— y, x). This contains the "bug-eyed cover" from the previous example 
as an open substack (it is the image of A 2 \ {0}). 

What makes X particularly interesting is that it is a smooth stack with a dense open torus 
(whose action does not extend, of course) so that the complement of the torus is a single singular 
divisor. o 

Remark 5.6. A notable difference between toric stacks and toric varieties is that toric varieties 
are required to be separated. Artin stacks are almost never separated, but the affine diagonal 
condition seems to play the role of separatedness. Heuristically, toric stacks are entirely controlled 
by their torus-invariant divisors (this is made precise by [GSllaj Theorem 7.7] and the canonical 
stack construction in [GSlla} Section 5]). The condition that a stack have affine diagonal "forces 
all non-separatedness to occur in codimension 1" and therefore be controlled by the combinatorics. 

Example 5. 7 (N on- affine diagonal). The affine plane with a doubled origin is a scheme with a torus 
action satisfying nearly all the conditions of Theorem 15.21 except it does not have affine diagonal. 

Note however, that the affine line with a double origin does have affine diagonal, and is in fact 
a toric stack. It is [(A 2 \ {0})/G m ] where G m acts by t ■ (x,y) = {tx^t~ 1 y). o 

In the world of stacks, non- affine diagonals can occur in stranger ways as well. 

Example 5.8 (Aon-separated diagonal). Let G be the affine line with a doubled origin, regarded as 
a relative group over A 1 . The fibers away from the origin are trivial, and the fiber over the origin 
is given the structure of Z/2. We see that G — > A 1 is an etale relative group scheme. 

Let X = [A 1 /G], where G acts trivially on A 1 . Since X has an etale cover by A 1 , it is finite type, 
normal, and of global type. Moreover, it has linearly reductive stabilizers at geometric points. It 
contains a dense open torus T = G m which acts on it. However, X has non-separated diagonal, o 

In Theorem 15.21 the condition that X have linearly reductive stabilizers is necessary. It is easy 
to produce many examples of stacks that satisfy all the other conditions of the theorem, but fail to 
be toric stacks. 

Example 5.9 (Non-reductive stabilizers). If X is any smooth scheme of finite type with an action 
of a connected affine group G and a dense open copy of G, then X = [X/G] has a dense open torus 
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(the trivial torus [G/G]) which acts (trivially). Since G is affine, X has affine diagonal by Lemma 
13.31 By the final paragraph of Remark 14.31 X 1S of global type. 

For example, consider the stack X = [M2X2/GL2], where the action of GL^ on M2 X 2 — A is 
given by left multiplication. o 

6 Main Theorem: Non-smooth Case 

We now extend the results of the previous section to handle the case of singular stacks. In the 
introduction of [GSllaj . we mentioned that smooth toric stacks can sometimes serve as better- 
behaved substitutes for toric varieties: sometimes it is easier to prove a result on the canonical 
smooth stack overlying a toric variety (see [GSllaj §5]), and then "push the result down" to the 
toric variety. This section yields a concrete instance of this philosophy. Indeed, we will prove our 
main theorem for singular toric stacks X by making use of the canonical stack over X and Theorem 
ET21 

Theorem 6.1. Let X be an Artin stack over an algebraically closed field k of characteristic 0. 
Suppose X has an action of a torus T and a dense open substack which is T-equivariantly isomorphic 
to T. Then X is a toric stack if and only if the following conditions hold: 

1. X is normal, reduced, and of finite type, 

2. X has affine diagonal, 

3. geometric points of X have linearly reductive stabilizers, and 

4- every point of [X/T] is in the image of an etale representable map from a stack of the form 
[U/G], where U is quasi-affine and G is an affine group. 

Proof. It is clear that any toric stack satisfies the conditions. 

As in the proof of Theorem 15.21 we immediately reduce to the case where T is trivial and X 
has a dense open point. By Lemma 14. 11 it suffices to check that [X/T] is a toric stack. By Lemma 
13.31 [X/T] has affine diagonal. By Lemma 13.51 [X/T] has linearly reductive stabilizers. Normality 
and reducedness are local in the smooth topology, so those hypotheses descend from X to [X/T]. 

Applying Theorem 14.21 we obtain an open cover ]J Xi — > X, where each Xi is of the form 
[Xi/Ti], with Xi an affine toric variety. Let 3^j be the canonical smooth toric stack over Xi (see 
[GSlla, §5]). Since the maps J^ — > Xi have the universal property in [GSllal Proposition 5.7], they 
are canonically isomorphic when pulled back to intersections, so they glue together into a smooth 
stack y — > X. 

The diagonal of y is affine by Lemma 13.41 and it satisfies the other hypotheses of Theorem 15.21 
by construction (they are local conditions which all canonical stacks satisfy), so y is a smooth toric 
stack. So by Theorem 12.131 X is a toric stack. □ 

Remark 6.2. As mentioned in Remark 14.31 one way to verify that [X/T] is of global type (i.e. that 
it satisfies condition 0] of the theorem) is to show that it is locally a quotient of a normal noetherian 
scheme by a connected affine group. 
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The typical application of this approach is as follows. Let X be a noetherian normal scheme, 
and let G be an extension of a torus T by a connected affine group H. Suppose G acts on X and 
that X contains a dense open subscheme isomorphic to G. Then X = [X/H] inherits an action of 
T and contains a dense open copy of T. In this situation, \X jT\ = [X/G] satisfies condition |4] of 
the theorem. 

Remark 6.3. As an application of Theorem 16. 1\ we see that the toric stacks defined by Tyomkin in 
|TyolO[ §4] via gluing are in fact globally quotients of toric varieties by subgroups of their tori. The 
fact that Tyomkin's stacks are constructed from toric stacky data QTyolO Definition 4.1]) implies 



that they have affine diagonal. The other conditions of Theorem 16.11 are clearly satisfied. 

Remark 6.4 (There are no "toric algebraic spaces"). Suppose X is a toric variety, and G is a 
subgroup of the torus of X such that the toric stack [X/G] is an algebraic space (i.e. G acts freely 
on X). Then [X/G] is a scheme. This can be seen by noting that X is covered by torus invariant 
(and therefore G-invariant) open affines; the stack quotient of an affine scheme by a free action of 
G is an affine scheme, so [X/G] has a Zariski open cover by affine schemes. 

Theorem 16.11 therefore shows that any toric algebraic space satisfying the conditions of the 
theorem is a scheme. 

Example 6.5 (A (non-normal) toric algebraic space). If the conditions of Theorem 16.11 are not im- 
posed, then there are toric algebraic spaces which are not schemes. For example, the "line with a 
doubled tangent direction" [Knu71t Example 1 in the Introduction] is a toric algebraic space. Note 
that the normalization of this algebraic space is the non-separated line, which does arise from a 
stacky fan [GSllal Example 2.11]. o 
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